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B. L. VAN DER WAERDEN ZUM 90. GEBURTSTAG GEWIDMET 
In his Timaeus, Plato constructs he regular polyhedra in a curious way. He composes the 
square face of the cube from four isosceles right triangles (half squares) and the equilateral 
triangular face of the tetrahedron, etc., from six right triangles with sides a, a ~/3, and 2a 
(half equilateral triangles). This procedure has, as far as we can see, found no satisfactory 
explanation by the commentators of the Timaeus. We propose to understand it as construc- 
tions for the duplication of the square and the triplication of the equilateral triangle. The 
same constructions provide us with what Plato calls the fairest bonds between segments a 
and 2a for the square and a and 3a for the triangle. This explains Plato's description of the 
original right triangles as the fairest ones. With respect to the triangles, Plato leaves open the 
possibility of finding fairer ones. In contrast to this, he declares the regular polyhedra to be 
beautiful in an absolute sense. In fact the regular polyhedra provide Plato with a significant 
example for his dialectics, and thus put themselves in a central position in his philosophy. 
© 1993 Academic Press, Inc. 
In seinem Dialog Timaios beschreibt Platon eine merkwiJrdige Konstruktion fiir die regu- 
l/iren Polyeder. Er setzt die quadratische Seitenfl~iche des Wiirfels aus vier rechtwinklig- 
gleichschenkligen Dreiecken (d.h. halben Quadraten) zusammen, und entsprechend die 
gleichseitigen Dreiecke beim Tetraeder usw. aus sechs rechtwinkligen Dreieicken mit Seiten 
a, a~/3, und 2a (d.h. halben gleichseitigen Dreiecken). Soweit wir sehen, ist diese Kon- 
struktion bis jetzt nicht befriedigend interpretiert worden. Wir schlagen vor, sie im Sinne der 
Verdopplung des Quadrats und der Verdreifachung des gleichseitigen Dreiecks zu verste- 
hen. Zugleich erh~ilt man dabei die mittleren Proportionalen for die Strecken a und 2a bzw. a 
und 3a, die Platon schon friiher als "sch6nstes Band" bezeichnet hat. Damit wird auch die 
Bezeichnung "sch6nste Dreiecke" verstfindlich. Wit schlieBen mit einigen Bemerkungen 
fiber die m6gliche Stellung der regul~iren Polyeder in Platons Philosophie und fiber inkom- 
mensurable Streckenverhfiltnisse. © 1993 Academic Press, Inc. 
Dans son dialogue (Timaios), Platon drcrit une construction remarquable des polyrdres 
rrguliers. I1 obtient la face carrre d'un cube en assemblant quatre triangles rectangles 
isocrles (c'est-~t-dire d s demi-carrrs), et en procrdant de fa~on similaire, les triangles 
6quilatrraux d'un trtrardre ~ partir de six triangles rectangles de cotrs a, aX/3, 2a (c'est-h- 
dire de demi-triangles 6quilatfraux). A notre connaissance, cette construction n'a pas en- 
core trouv6 une interprrtation satisfaisante. Nous proposons de concevoir cette construc- 
tion darts le sens de la duplication du carr6 et du triplement du triangle 6quilat6ral. En 
procrdant ainsi, on obtient en mrrne temps la moyenne proportionnelle d s segments a et 2a 
ou a et 3a que Platon avait appelre "le lien le plus beau" prrc6demment. Ainsi s'expli- 
querait aussi pourquoi il parle de "triangles les plus beaux."--Nous terminons par quelques 
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commentaires surla place que tiennent les poly~dres r6guliers dans la philosophie d  Platon 
et par quelques remarques sur les quantit6s incommensurables. © 1993 Academic Press. Inc. 
AMS 1991 subject classification: 01A20. 
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INTRODUCTION 
In spite of the impressive xegetical nd explanatory work on the corpus Pla- 
tonicum, work that goes back to antiquity, one still finds passages whose meaning 
we must try to supply. An example of this can be encountered in connection with 
Plato's theory of the four elements as developed in the Timaeus. This passage has 
received attention from many commentators, including historians of science and 
mathematics, cosmologists, and even modern physicists. It is all the more striking 
because it involves a mathematical argument, and Plato's references to mathemat- 
ical reasoning have been studied very carefully. 
The faces of four of the five regular polyhedra re equilateral triangles and 
squares. When constructing the latter, Plato singles out in Tim. 54a two types of 
right triangles and calls them "fairest." We give a very simple and elementary 
mathematical reason for Plato's choice and for his use of the term "fairest." In 
addition, we point out the context in which the regular polyhedra may gain deeper 
significance in Plato's philosophy. 
THE FAIREST TRIANGLES 
The puzzling step in Plato's theory of elements i  the following: after having 
correlated the four (Empedoclean) elements (fire, air, water, earth) with four of 
the regular polyhedra (the tetrahedron, the octahedron, the icosahedron, and the 
cube, respectively), Plato provides a mode of generation of equilateral triangles 
and squares which make up the faces of these solids by introducing two types of 
elementary right triangles, namely half of a square and half of an equilateral 
triangle, and by telling us to use four halves of squares to form a square face and 
six halves of equilateral triangles to form an equilateral triangular face (see Fig. 1). 
What is puzzling here is (a) why Plato is taking up the generation of equilateral 
triangular and square faces out of his elementary ight triangles, and (b) why he 
insists on composing them out of six and four, respectively, instead of two pieces. 
That this is not a minor issue can be inferred from the fact that Plato emphasizes 
its importance in a most unusual way. More specifically, he says that if anyone 
justly claimed to have found a triangle "that is fairer for the construction of these 
bodies" (i.e., the regular solids corresponding to the four elements), then "he, as 
a friend rather than a foe, is the victor" (Tim. 54a; the quotations refer to Bury's 
translation i  the Loeb edition). Plato is calling anyone into contest o refute his 
own proposal of the fairest construction--the prize being his friendship! 
The selection of the two kinds of elementary triangles as "the fairest" is, of 
course, inspired by their role in the structure of the regular solids. The solids are 
the prime candidates for esthetic excellence "for to no one will we concede that 
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fairer bodies than these, each distinct of its kind, are anywhere to be seen. Where- 
fore we must earnestly endeavor to frame together these four kinds of bodies 
which excel in beauty" (Tim. 53e-54a). 
It would be most valuable to know what Proclus thought about the selection of 
the two fairest triangles. In his commentary on Euclid's proposition Elements I, 
32, he speaks briefly about those triangles as "halfsquares" and "halftriangles" 
and continues: "I do not mention these matters without a purpose, but because 
they prepare us for the teaching of the Timaeus" [Proclus 1970, 302 (Friedlein 
384)]. Unfortunately, large parts of Proclus's commentary on the Timaeus have 
been lost, and the extant parts cover the dialogue only up to Tim. 44, e [Proclus 
1966 I 10/11]. In two places [Proclus 1966 III, 60 (Diehl 34.1/2) and 111 (Diehl 
76, 25)] Proclus points to a collection of mathematical theorems in an appendix 
to his commentary. This appendix too has been lost. Speaking about means and 
proportions or plane and cube numbers, for instance, in his commentary on 
Tim. 31b-32c, he explains the concepts by means of simple numerical ex- 
amples in the tradition of Nicomachus, whom he mentions on p. 42 [Proclus 
1966 III, 36-48 (Diehl 13.15-23.8)]. In summary, we get no explanation from 
Proclus. 
It is clear that Plato's geometrical construction of the physical constituents i  a 
deliberate simultaneous correction of Democritus' atomism and of Empedocles' 
theory of the elements. This correlation was made possible by the adoption of the 
theory of the regular polyhedra, due to Theaetetus, and by their correlation with 
the elementary physical bodies. (This was the main thesis of Sachs [1917].) Plato's 
construction of the elements allows us to specify the size and shape of the "at- 
oms," which Democritus had left undetermined, and, moreover, it admits certain 
transformations of the elements into each other. These transformations are possi- 
ble because the elements are made up from smaller constituents: Since tetrahe- 
dron (fire), octahedron (air), and icosahedron (water) have equilateral triangular 
faces, these three can be converted into each other by breaking down the solids 
into the faces and regrouping them. Only the cube (earth) having square faces, 
cannot be included in this cycle. (Tim. 54c; for details Vlastos [1975].) This could 
all be done with the faces as they are, and there is no need to refer to the more 
elementary level of halves of squares and halves of equilateral triangles. Thus, the 
fact that Plato descends to the level of the two constituent kinds of triangles calls 
for an explanation. For neither the transformation as such, nor the values of the 
multiple proportions, requires recourse to the elementary triangles. Furthermore, 
the special status of the element earth (the cube) is not altered by it. Sachs [1917, 
230-232] argues that, very likely, Plato was trying to establish the cyclic transition 
of all four elements into each other (including the cubic earth) by singling out a 
unique elementary triangle but did not succeed. Plato's account of the two types 
of elementary triangles, then, must be seen as proof of his failure in this attempt 
according to Sachs. 
The angles of the elementary triangles are singled out by Taylor as the criterion 
for excellence. He observes [Taylor 1928, 370] the ratios I : 1 : 2 for the angles of 
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the isosceles right triangle and 1 : 2 : 3 for the angles of the other elementary 
triangle. We will return to this observation below. 
Cornford [1937, 214 ft. and 231-239, cf. 238 for pictures] offers another hypothe- 
sis for the selection of the two elementary triangles. He uses them to explain the 
varieties of the elements which Plato mentions in a later passage of the dialogue 
(Tim. 57c-d). Cornford claims that the elementary triangles offer optimal possibil- 
ities for generating the elements (i.e., the corresponding solids) in different sizes. 
He is aware, however, that this could also be done by using multiples of equilat- 
eral triangles respectively. The merit of his interpretation of the function of the 
elementary triangles, then, is "that they can yield a series of equilateral or square 
faces which are much closer together in size" [Cornford 1937, 238]. It is true that 
according to Cornford's construction the intervals in size between the different 
"grades" of the elements would be smaller (2, 6, 8 elementary triangles would 
form the equilateral faces of the different grades--compared to 1, 4, 9 in terms of 
the equilateral triangle or 6, 24, 54 in terms of the elementary half-equilateral 
triangle). However, it is difficult to see why the varieties of elements under the 
second construction "would be too far apart" or why "it would be hard to sup- 
pose that the icosahedra (i.e., the water-atoms of different sizes) could all be 
microscopic" (p. 238). Plato nowhere specifies how small the solids are compared 
to visible objects, and the atomists did provide an abundance of different sizes, 
from soul atoms to earth atoms! Also, if we adopt Cornford's three types of 
construction for the equilateral triangle, then we lose symmetry in the first and 
third cases--a painful loss indeed, since Cornford throughout his commentary 
stresses ymmetry as a value "down to the smallest detail." The trouble with 
Cornford's hypothesis is that Plato never mentions the possibility of composing 
equilateral triangles (or squares) in ways different from the one he elucidates. 
There is just one way to compose an equilateral face which is fairest: 
First will come that form which is primary and has the smallest components, and the element 
thereof is that triangle which has its hypotenuse twice as long as its lesser side. And when a 
pair of such triangles are joined along the line of the hypotenuse, and this done thrice, by 
drawing the hypotenuses and the short sides together as to a centre, there is produced from 
those triangles, six in number, one equilateral triangle. [Tim. 54e] 
Our own hypothesis focuses exclusively on the mathematical spect of the 
construction, which is quite elementary and accords with Plato's other references 
to mathematical reasoning: The basic right triangles are the most beautiful ones 
because (1) they are used in a fundamental geometric onstruction (see Fig. 1) and 
(2) they represent "the fairest of bonds", that is the geometric proportion, of Tim. 
31c-32a (see Fig. 2). 
The process of selecting the two elementary right triangles is quite different in 
the two cases, for "the isosceles possesses one single nature, but the scalene an 
infinite number; and of these infinite natures we must select he fairest, if we mean 
to make a suitable beginning" (Tim. 54a). When Plato presents his construction of 
the square (and the cube), according to which we must combine four isosceles 
right triangles "with their right angles drawn together to the center" (Tim. 54b), 
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he is reproducing the well-known figure used to prove the doubling of the square. 
Plato used it in the Meno (82b-85b) to demonstrate his doctrine of knowledge as 
recollection (anamnesis). This elementary part of geometry was common knowl- 
edge and was familiar to Plato's readers. He even puns on it in the Statesman 
(266ab). The geometric diagram is preserved on a coin from Melos dating from 
420BC, see [Artmann 1990, Fig. 2 on p. 44]. 
Similarly, the composition of an equilateral face out of six halves of an equilat- 
eral triangle (Tim. 54e) demonstrates the tripling of that triangle. To repeat: Pla- 
to's strange prescription for the composition of an equilateral face, the building 
block of three of the elements (fire, air, and water), makes very good sense when 
viewed as a demonstration f the tripling of an equilateral triangle; as such, it is 
analogous to the demonstration f the doubling of the square. 
This hypothesis fits very nicely with Tim. 31c-32c, where Plato specifies the 
"fairest of bonds," according to which God had joined the four elements in a 
perfect unity. 
And the fairest of  bonds is that which most perfectly unites into one both itself and the things 
which it binds together; and to effect this in the fairest manner is the natural property of 
proportion. For whenever the middle term of any three numbers,  cubic or square, is such that 
as the first term is to it, so is it to the last te rm- -and  again, conversely, as the last term is to 
the middle, so is the middle to the f i rst - - then the middle term becomes in turn the first and the 
FIGURE 1 
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last, while the first and last become in turn middle terms, and the necessary consequence will 
be that all the terms are interchangeable, and being interchangeable they all form a unity. 
(Tim. 3 lc-32a. For details about he meaning of "numbers, cubic or square," see Cornford's 
commentary [1937, 43-52].) 
In short, the "fairest bond" can be expressed by the simple proportion 
a:b=b:c .  
Figure 2 illustrates two instances of this proportion. In the first figure, the side b is 
the hypotenuse of the small isosceles right triangle and, at the same time, a leg of 
the greater ight triangle with hypotenuse 2a. Looking at the similar triangles we 
find the proportion 
a:b  = b :2a .  
In the second instance we have similar right triangles with legs a, b and b, 3a, 
respectively, resulting in 
a:b  = b :3a .  
Hence the curious way of putting together the faces of the solids incorporates the 
"fairest of bonds," or mean proportionals, between 1and the numbers 2 and 3, 
respectively. Combining the two points of view we grasp "the truth concerning 
the generation of earth and fire and the mean proportionals" (~-~p~ y~cr "re Kat 
zrvpro" "r(ov "re &v& hryov ~v tx~o'to), Tim. 53e. In the context of 53e this may mean 
air and water, but mean proportionals in our sense have been constructed as well. 
In addition to this, the numbers 1, 2, 3 reappear in the simple ratios 1 : 1 : 2 and 
1:2:3 for the angles of the two elementary triangles as observed by Taylor [1928, 
370]. In summary these are the reasons, we think, why Plato calls just these two 
triangles the fairest ones. 
THE FAIREST BODIES 
In strong contrast to the cautious way in which Plato speaks about he fairness 
of the triangles, he is absolutely certain that there are no fairer bodies than the 
b 
2a 
FIGURE 2 
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regular ones. (Tim. 53e, quoted above.) In fact, he speaks only about four bodies 
at 53e. The fifth regular solid frustrated Plato's attempt to relate the regular solids 
to the elements, of which there are but four. He refers to the dodecahedron in the 
Timaeus in one sentence only (55b): "And seeing that there still remained one 
other compound figure, the fifth, God used it up for the universe and in his 
decoration thereof." (E. Sachs translates " . . . for das All, indem er dessen 
GrundriB entwarf," p. 47. Recently a Roman dodecahedron, dating from about 
A.D. 300, was excavated in Geneva. Its faces are inscribed with the names of the 
twelve signs of the Zodiac. See Cervi-Brunier [1985] and Artmann [1993] for 
pictures. This confirms a conjecture by Sachs [1917, 47, n. 3] and supports a 
cosmological interpretation. For the details of the mathematical history of the 
solids, see again Sachs [1917] and Waterhouse [1972]. For a general appreciation 
of Theaetetus's mathematical achievements, cf. van der Waerden [1954].) 
We believe we have a mathematical explanation for Plato's emphasis on the 
beauty of the regular solids. In Tim. 53c Plato explicitly presupposes the reader's 
acquaintance with the mathematical theory. In 55a he cites the concept--presum- 
ably due to Theaetetus--of regularity: a "solid figure . . . which divides the 
whole of the circumsphere into equal and similar parts." Theaetetus i  credited 
not only with the definition but with the corresponding theorem as well: There are 
exactly five regular solids, the ones mentioned by Plato, including the dodecahe- 
dron. 
Starting with the Pythagorean examples of the tetrahedron, the cube, and the 
dodecahedron Theaetetus proceeds--or better ascends--to the general concept 
and returns to the particulars, adding octahedron and icosahedron to thus com- 
plete the list. Following Waterhouse [1972, 214] we stress that the crucial discov- 
ery was that of the very concept of a regular solid, which is not at all as obvious as 
Sachs and others seem to think. 
Taken as a whole this mathematical theory is a very suitable xample of Plato's 
conception of form as original being (6vro~ 6v) and the derivative being of particu- 
lars by means of participation (ixkOe~¢): each of the five solids participates in the 
idea of a regular solid, and, conversely, the idea unfolds in exactly five particulars. 
The regular solids are the most beautiful ones because we can demonstrate by a 
priori reasoning that five and only five representations of the idea of a regular solid 
exist. We can show that the list of particulars of a certain idea is complete. No 
domain of empirical investigation can provide a similar case. Because of their 
philosophical significance the regular solids are the most beautiful ones. 
(For this point of view see also Mittelstrass [1985, 400]: "Meine Behauptung ist, 
dab die Ideenlehre Platons auf geometrischen FtiSen steht." Similarly Burnyeat 
[1987].) 
INCOMMENSURABLE SEGMENTS 
In the first section we discussed the connection between the "fairest riangles" 
on the one hand and the square and the equilateral triangle on the other. The latter 
figures make up the faces of four of the five regular solids. Similarly, the right 
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triangle with legs a and 2a and hypotenuse a X/5 is related to the regular pentagon, 
the face of the regular dodecahedron. More specifically, if the side of the regular 
pentagon is 2a, then its diagonal d will be a + a X/5 (see Fig. 3). 
(All this was well known to the Greek mathematicians; cf. Euclid's Elements, 
Book XIII, esp. XIII, 8. Our Fig. 3 is a modern abbreviation of Euclid's construc- 
tion in Book IV, 10/11. Observe, however, that Euclid's (or better: Theaetetus's) 
construction of the dodecahedron i XIII, 17 makes no use of Book IV. He 
constructs the pentagon again within the context of spatial considerations.) 
The three right triangles connected to the regular solids incorporate the "first" 
incommensurable s gments: In modern terms their side lengths are 
a, a, a X/2, resp. a, a X/3, 2a resp. a, 2a, a X/5. 
Plato's interest in (the first two of) these triangles accords with his interest in the 
issue of incommensurability as expressed in the dialogue Theaetetus (147d), 
where, in addition, he mentions X/5 specifically. The three triangles above, i.e., 
the incommensurable s gments, reappear naturally in the first regular polygons. 
Considered this way, we find an "incommensurable diagonal" in each of these 
polygons (see Fig. 4). Mathematically, then, the diagonal is different from the 
side. Proclus explains the "different" nature of the diagonal (of a rectangle) in his 
commentary on Tim. 36c8 in contrast o a side, as "being inclined, an irrational 
quantity, being contained (in the area), dividing the angles" [Proclus 1966 III, 305 
(Diehl 266, 1-2)]. Hence he views the irrationality of the diagonal as an important 
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aspect of Plato's cosmology. The "fairest riangles" and, consequently, the regu- 
lar solids corresponding to the four elements incorporate "irrational proportions" 
which geometry can handle as well as rational (commensurable) ones. How far 
Plato's interest in incommensurability may have motivated his construction ofthe 
solids is not pursued in the present note. (For an elaboration of this perspective 
see L. Schfifer, "Herrschaft der Vernunft und Naturordnung in Platons Timaios," 
forthcoming.) 
CONCLUSION 
Plato admired mathematics and used it frequently to illustrate his philosophical 
doctrines. The definition and construction ofthe regular solids (which we still call 
the Platonic polyhedra), as developed by Theaetetus in close connection with the 
Academy, must have excited Plato. In his description of the solids in the Timaeus, 
he incorporates two elementary geometric operations: the doubling of a square 
and the tripling of an equilateral triangle. This, at the same time, establishes the 
"fairest of bonds" between the unit and the numbers 2and 3, whose powers play 
so prominent a role in Plato's cosmological constructions. 
Cornford was proud to declare: "Our hypothesis not only removes all the 
difficulties which have perplexed the commentators and satisfies Plato's declara- 
tion that symmetry and proportion were introduced own to the smallest detail, 
but finally restores to the text before us its only possible sense" [Cornford 1937, 
239]. 
We hope to have given an account which is more faithful to the text, avoids 
implausible assumptions, and yields a coherent interpretation aswell. 
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